Abstract. In this work we use elementary methods to discuss the question of the minimal number of points with bad reduction over P
Introduction
It is a well known fact going back to J. Tate (see [Hus04, ch.5 , §8]) that there are no elliptic curves over Q with good reduction everywhere. This was generalized by J.-M. Fontaine [Fon85] to abelian varieties over Q. In [Sch05] R. Schoof answers the question about the existence of non-zero abelian varieties over Q with bad reduction at just one prime.
In the case of function fields there are trivial examples of elliptic curves with good reduction everywhere coming from elliptic curves over the field of constants. Thus it is natural to impose further conditions to exclude those trivial examples.
A. Beauville proves in [Bea81] that every semi-stable elliptic surface S → P 1 C has at least four singular fibres. He also showes in this paper that every non-isotrivial elliptic surface S → P 1 k for k an algebraic closed field of characteristic p > 3 has at least three singular fibres by applying the Riemann-Hurwitz-Theorem to the induced j-map. In a remark he claims that similar methods may be used to prove that there are no elliptic curves over A 1 k with non-constant j-invariant and good reduction everywhere in characteristics 2 and 3.
In this paper we take a more elementary approach to determine the minimal number of points with bad reduction over P 1 k for elliptic curves E over k(T ), if we require E to be non-constant resp. j(E) / ∈ k. In characteristic different from 2 and 3 a non-constant elliptic curve has at least 2 points with bad reduction. If we furthermore demand j(E) / ∈ k, then there are at least 3 points with bad reduction.
In characteristics 2 and 3 we show that every non-constant elliptic curve has at least 1 point with bad reduction. If we further require E to have non-constant j-invariant i.e. j(E) / ∈ k, then we obtain at least 2 points with bad reduction. By giving examples we will show that the obtained bounds are sharp.
I would like to thank N. Naumann for suggesting this work to me and for his mentoring advice as well as R. Schoof for his initiating idea towards an elementary solution of the problem.
Notation and conventions
In this section k denotes an algebraically closed field. Let E be an elliptic curve over a function field K/k(T ). We call E constant, if there exists a Weierstrass equation for E with coefficients in k. We say E has constant j-invariant, if j(E) ∈ k. Clearly every constant elliptic curve has constant j-invariant. Conversely every elliptic curve with constant j-invariant gets constant over some finite extension of K. For the following we refer to [Liu02] [ch. 10]. Let S = Spec A be an affine Dedekind scheme (of dimension one) with function field K(S) and E/K(S) an elliptic curve. We say E has good reduction at s ∈ S, if E admits a smooth model over Spec O S,s .
In the following we will consider affine open subsets S = Spec A ⊆ P 
where the sum is over all canonical valuations on k(T ), the height of x. For more detailed background we refer to [Mas84, ch. I,VI].
Here H denotes the height function on k(T 
Proof. In the following we may assume AB = 0 since otherwise we are
The definition of the height function gives the following estimates:
(1) Now we first suppose [char(k) = 0 and
, so that we may apply Mason's inequality:
We get
as well as:
Together this yields deg q B ≤ deg q A ≤ 0 and from the definition of q A and q B we get
And since q A and q B are coprime as polynomials we have q A , q B ∈ k.
(3) The remaining case [char(k) = p > 0 and
be reduced to the first case. Let s := sup s :
assume s < ∞ since otherwise we would have
B 2 ∈ k(T ) p s and since p is different from 2 and 3 there areq A ,q B and some n ≥ 0 such that:
we have:
× by an appropriate T m such that 3|(m + n) and 2|m yields:
By the choice of s we haveq
p and thus the first case applies.
Thus we have an equation of the form:
Now the corollary follows from the fact that
Proof. Setting l = 0 in Corollary 6 we see that the result even holds
Using the two corollaries above we can prove the main results in all characteristics different from 2 and 3.
Proof of Theorem 1 (a).
We show that every elliptic curve E/k(T ) with bad reduction restricted to two points has j(E) ∈ k. Without loss of generality we may assume these points to be {0, ∞}, so let E/k(T ) be an elliptic curve with good reduction everywhere over Spec k[T, T
−1 ]. Since we are in characteristic different from 2 and 3, we can choose for E a globally minimal Weierstrass equation over Spec
But this is just possible for (A, B) as in Corollary 6. It is easy to see that E has constant j-invariant by inserting the results from Corollary 6 into the formula j(E) = 12
If we remove three points we can just write down an elliptic curve with non-constant j-invariant and good reduction everywhere:
Example 8. The elliptic curve E/k(T ) defined by the Weierstrass equation in Legendre form:
2 we see that W is a globally minimal Weierstrass equation for E over P 1 k \ {0, 1, ∞} and that it has good reduction outside {0, 1, ∞}. Proof. Define
Proof of Theorem 1 (b)
we have w(g) < ∞). We now prove the Lemma by induction over w(Q 1 ).
As first case we consider s := w(Q 1 ) < r: Let f be an arbitrary polynomial of the form (7) as given in the Lemma with w(Q 1 ) < r. Let us further assume we had a solution A ∈ k[T ] to f (Y ) = 0:
From this equation we can see that Q 1 is coprime to A and thus Q 1 is also coprime to
And since m is coprime to p we get
p r contradicting w(Q 1 ) < r. s − 1 → s: We may assume s ≥ r since s < r has already been treated. Suppose we have proven the Lemma for all polynomials Q 1 with w(Q 1 ) < s. Now consider a polynomial f of the form (7) as in the Lemma with w(Q 1 ) = s. Further assume we had an A ∈ k[T ] with f (A) = 0: This Lemma may be used to prove Part (a) of Theorem 2, i.e. every elliptic curve E/k(T ) with non-constant j-invariant has at least two points with bad reduction.
Proof of Theorem 2 (a).
It suffices to show that there is no elliptic curve with non-constant j-invariant and with good reduction everywhere over A 1 k . Suppose we had such an elliptic curve E. We first prove this for characteristic 2. Let . The only substitutions preserving this form are:
with ∆ W = −a 3 4 and j(E) = 0. The only substitutions preserving this form are:
with ∆ W = a 6 and j(E) = 1 a 6
. The only substitutions preserving this form are:
(iv) if char K = 2 and j(E) = 0:
with ∆ W = a 4 3 and j(E) = 0. The only substitutions preserving this form are: Part (b) of Theorem 2, which says that every elliptic curve E/k(T ) with good reduction everywhere is constant, may be proven by direct calculations involving Weierstrass equations as in Proposition 12:
Proof of Theorem 2 (b)
. Let E be an elliptic curve with good reduction everywhere over P 1 k . By the proof of Part (a) we have j(E) ∈ k. Let T resp. T −1 be uniformizers at 0 ∈ P 1 k resp. ∞ ∈ P 1 k . We prove the Proposition by choosing globally minimal Weierstrass equations for E over P
. Then comparing these equations over P 1 k \ {∞, 0} yields substitutions giving constant elliptic curves.
We start with characteristic 3. By Corollary 13 we may assume j(E) = 0 and by Proposition 12 (b) we may choose a globally minimal
with a 6 ∈ k[T ] and a 4 ∈ k × , since −a
We also obtain a globally minimal Weierstrass equation
with a 
In particular we see u ∈ k × . Applying Gauss's lemma to
Thus we see r with a 4 ∈ k and u 6 b 0 ∈ k, since u, b 0 ∈ k. Since the argument in characteristic 2 is similar we will just sketch the proof. We first consider the case j(E) = 0. By Proposition 12 (b) we may choose a globally minimal Weierstrass equation
with a constant. Then (13) yields t ∈ k[T, T −1 ]. One more substitution of the formỹ =ȳ + t + ,x =x yields a Weierstrass equationW for E with constant coefficients.
The following examples shows that in both characteristics 2 and 3 there are non-constant elliptic curves, if we allow bad reduction in one point: 
